Introduction {#Sec1}
============

The mathematical theory of liquid crystalline (LC) phases, even just of their equilibrium properties, is still in a primitive stage: most of the predictions on the phase diagram of systems of anisotropic molecules are based on density functional, or mean field theories. The approximations underlying the derivation of the corresponding effective free energy functionals are typically uncontrolled: there is no systematic way of improving the precision, and no rigorous theorem quantifying the error. Ideally, as in any equilibrium statistical mechanics problem, one would like to start from a microscopic model of interacting particles, described in terms of (say) a grand-canonical partition function at inverse temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ and activity *z*, and derive bounds on the large distance decay of correlations, both for the orientational and the translational degrees of freedom of the particles, for different choices of $\documentclass[12pt]{minimal}
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                \begin{document}$$(\beta ,z)$$\end{document}$. Given an inter-particle interaction, one would like to exhibit values of $\documentclass[12pt]{minimal}
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                \begin{document}$$(\beta , z)$$\end{document}$ at which the correlation functions of the system display broken orientational order and unbroken (or partially broken) translational order. Depending on the specific nature of the broken orientational order, and/or of the unbroken/partially broken translational order, one names such a phase 'uni-axial nematic', or 'bi-axial nematic', or 'smectic', or 'chiral', etc. Essentially none of these phases has ever been mathematically proved to arise in any model of interacting particles in the three-dimensional continuum. The purpose of this paper is to report some progress in this direction. Part of our motivation comes from the renewed interest of the condensed matter community on the nature of bi-axial nematic phases, which was stimulated by the experimental observation of a bi-axial phase in systems of elongated, boomerang-shaped, particles \[[@CR1], [@CR15], [@CR16]\].

Let us specify more precisely the context we consider. As is well known, the microscopic interactions responsible for the onset of liquid crystalline phases have electrostatic origin. Electrostatic interactions among the microscopic constituents of a liquid crystal are typically strong and repulsive at short distances, and weak and attractive at larger distances (London, or Van der Waals, forces). Depending on the specific system under consideration, either the short range repulsion, or the long range attraction, plays a pre-dominant role on the onset of the LC phase. It is customary to focus the attention on just one of the two effects, in order to understand which of those is responsible for which LC transitions, if any. Of course, if one is after quantitative results, it is important to consider both effects. In this paper, for simplicity, we focus on the effect of repulsive forces, which we model as pure hard-core interactions. As a consequence, in the model we consider, the temperature plays no role, and the only relevant parameter is the density. We also restrict our attention to the case in which the particles have a finite number of allowed orientations, which is a popular, although drastic, simplification. It is of great importance to drop this assumption and understand the phenomenon of continuous symmetry breaking in LC, as well as in other, phases of matter. We hope to report results in this direction in the future, but this goes beyond the purpose of this paper.

*The model* Let us now define our model more precisely: we consider a system of hard parallelepipeds of size $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in [0,1]$$\end{document}$, which we call *boards*. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha <1/2$$\end{document}$, a board will be called a *rod* and, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >1/2$$\end{document}$, a *plate*. The position of each board is given by the position of its center $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in {\mathbb {R}}^3$$\end{document}$, and its orientation, which is characterized by a pair of indices $\documentclass[12pt]{minimal}
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                \begin{document}$$(i,j)\in \{1,2,3\}\times \{a,b\}=: {\mathcal {O}}$$\end{document}$ (see Fig. [1](#Fig1){ref-type="fig"}).Fig. 1The plates and their six allowed orientations

We will use the following notation: $\documentclass[12pt]{minimal}
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                \begin{document}$$i_j$$\end{document}$ will also be said to be "in the direction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i_j$$\end{document}$". Boards oriented in the direction $\documentclass[12pt]{minimal}
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                \begin{document}$$i_a$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i_b$$\end{document}$ will be collectively said to be "of type *i*". The boards interact via a hard core interaction. We shall denote the density of board centers by $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ are varied, the system is expected to display a variety of different phases, ranging from an isotropic liquid one, to uni-axial and bi-axial nematic, as summarized in Fig. [2](#Fig2){ref-type="fig"}.Fig. 2Schematic phase diagram for the hard plate model. The phase labeled by *I* is the *isotropic* (no orientational order), $\documentclass[12pt]{minimal}
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                \begin{document}$$N_-$$\end{document}$ is the *plate-like nematic* (order in the minor axis), $\documentclass[12pt]{minimal}
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                \begin{document}$$N_+$$\end{document}$ the *rod-like nematic* (order in the major axis), and $\documentclass[12pt]{minimal}
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                \begin{document}$$N_b$$\end{document}$ the *biaxial nematic* (order in both axes). In the 'question mark' region we have no specific prediction about the nature of the phase. The region which is grayed out corresponds to densities that are too high for plates to coexist without overlapping

In this paper, we focus on the case of plates, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >1/2$$\end{document}$. For technical reasons, we will restrict to the sub-case $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >3/4$$\end{document}$; the significance of the exponent 3 / 4 will become clear in the course of the proof. Our main result is a rigorous proof of the existence of a uni-axial nematic phase, for *k* large, $\documentclass[12pt]{minimal}
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                \begin{document}$$(k,\alpha )$$\end{document}$-dependent, regime, see below for details. In principle, it should be possible to extend our analysis to smaller values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$, most notably to the case of rods. It should also be possible to extend it to the case of larger values of the densities, thus substantiating the conjectured existence of a bi-axial nematic phase in our model. In both cases, the coarse graining procedure that we employ in the proof is insufficient for a rigorous control of the pressure and correlation functions. We hope to report progresses on the phase diagram of the system for more general values of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ in a future publication.

Before specifying our main results more precisely, let us first give a heuristic idea of why a sequence of transitions from isotropic to nematic phases is expected in our model, as the density is increased from zero to its maximum, that is $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{max}=k^{-1-\alpha }$$\end{document}$. We focus on the case of very anisotropic plates, $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{2}<\alpha <1$$\end{document}$ (the 'very' stands for the condition that $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha <1$$\end{document}$). A similar heuristic discussion can be repeated for rods, and is left to the reader.
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                \begin{document}$$(x,o)\in {\mathbb {R}}^3\times {\mathcal {O}}$$\end{document}$, we define the *excluded set* on plates of orientation $\documentclass[12pt]{minimal}
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                \begin{document}$$(y,o')$$\end{document}$ intersects the plate (*x*, *o*). The *excluded volume* is the volume of the excluded set; it depends on the pair $\documentclass[12pt]{minimal}
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                \begin{document}$$o=3_a$$\end{document}$, then the excluded volume on plates of different orientations are the following:the excluded volume produced by $\documentclass[12pt]{minimal}
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                \begin{document}$$k^{2+\alpha }$$\end{document}$,the excluded volume produced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3_a$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1_b$$\end{document}$ is of the order $\documentclass[12pt]{minimal}
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                \begin{document}$$k^{1+\alpha }\ll k^2\ll k^{1+2\alpha } \ll k^{2+\alpha }$$\end{document}$. This separation of scales, together with the assumption that the distribution of the particle centers in space is approximately homogeneous, plays a prominent role in the heuristic explanation of the expected sequence of transitions. The sequence of expected transitions can be read from Fig. [2](#Fig2){ref-type="fig"} above, and is summarized for the reader's convenience here:
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                \begin{document}$$N_b$$\end{document}$ stand for: isotropic phase, uni-axial nematic phase (the − indicates that the minor axes are aligned), and bi-axial nematic phase, respectively. The 'question-mark' phase has a nature that we cannot establish on the basis of a simple heuristic argument. The logic behind this conjectured phase diagram is the following.Suppose that $\documentclass[12pt]{minimal}
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                \begin{document}$$k^{-2}\ll \rho \ll k^{-1-\alpha }$$\end{document}$. Given a plate (*x*, *o*), which, without loss of generality, we assume to be in the direction $\documentclass[12pt]{minimal}
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                \begin{document}$$3_a$$\end{document}$ (that is, minor axis along direction 3 and major axis along direction 1), there will, typically, be many other plates in the set $$\documentclass[12pt]{minimal}
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Another range of densities that is not discussed in the previous list, is the one very close to close-packing. In analogy with the two-dimensional case \[[@CR8]\], we expect no orientational order at very high densities. It would be very interesting to clarify the (glassy?) nature of the very dense phase, and possibly identify a hidden order parameter characterizing its behavior.

We are finally ready to state, informally, our main result. For a more quantitive statement, see the next section.

*Main result(informal statement)*: In the context described above, we consider a system of anisotropic plates of size $\documentclass[12pt]{minimal}
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                \begin{document}$$(N_-)$$\end{document}$ phase: in particular, we prove the existence of long range orientational order for the minor axes of the plates, and the absence of translational order, namely, exponential decay of the truncated center-center correlations.

The main idea of the proof is to map the model to a coarse-grained contour model and prove that we can compute its partition function and the expectation of local observables using a convergent cluster expansion. To that end, we will first split the lattice $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho k^3\gg 1$$\end{document}$). We will then define a *contour* as the union of cubes that either do not contain one and only one type of plates, or that *touch* other cubes which contain plates of a different type. Our endgame will then be to prove that the presence of contours is unlikely, which will imply the main result.

In essence, contours are unlikely because, as we will show below, the probability that a cube contains plates of different types is low. In order to deduce the unlikeliness of contours from the unlikeliness of the cubes of which it is made, and to control the entropy of the contours, we will use methods coming from the Pirogov-Sinai theory of phase transitions.

The strategy of the proof is very similar to the one of \[[@CR6]\], in which a system of hard rods in two dimensions was considered. The main technical novelty lies in the proof that a cube of side $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho k^{2+\alpha }$$\end{document}$. Once this is proved, the rest of the proof follows closely the one in \[[@CR6]\] and, therefore, we will not spell out all the details of the proofs, and, instead, refer the reader to \[[@CR6]\] in which very similar arguments are expounded.

As far as we know, our result is the first rigorous one for the onset of a nematic-like phase in systems of finite-size particles, with finite-range interactions, in the three dimensional continuum. For previous results, see \[[@CR2], [@CR4], [@CR10], [@CR11], [@CR20], [@CR22]\]. We refer to the introduction of \[[@CR6]\] for a thorough, comparative, discussion of previous results. See also \[[@CR12]\] for a recent proof of the existence of nematic-like order in a monomer-dimer system with attractive interactions.

Our inability to rigorously control the bi-axial nematic phase, as well as the optimal range of densities where uni-axial nematic is expected, is related to the highly anisotropic shape of the excluded regions created by the hard core interaction around any given plate. For instance, consider the range of densities between $\documentclass[12pt]{minimal}
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                \begin{document}$$k^{-1-\alpha }$$\end{document}$, where bi-axial nematic order is expected. From the heuristic discussion above, it would be tempting to think of the 'uniformly magnetized' regions, where both the axes of the plates are mostly aligned in a common direction, as a union of elementary slabs, each of which is a translate and/or rotation of the region *J* in ([1](#Equ1){ref-type=""}). Even if natural, this choice creates difficulties in the treatment of the 'transition layers' between different uniformly magnetized regions: these layers, which are the basic constituents of the 'Peierls' contours' generically have a wild geometric shape, which does not allow us to derive simple bounds on their probability, depending only on their volume. At least, the methods of this paper did not allow us to overcome these difficulties: therefore, we limited ourselves to a range of densities where paving the space in cubes allow us to derive effective bounds on the probabilities of the 'transition layers', that is, of the connected components of the union of bad cubes.

The Model and Main Results {#Sec2}
==========================
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1\times k^\alpha \times k$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\gg 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (\frac{3}{4},1]$$\end{document}$, with six possible orientations, as in Fig. [1](#Fig1){ref-type="fig"}. We introduce the following notations. Given a plate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=(x,{o})\in \varLambda \times {\mathcal {O}}=:\omega _\varLambda $$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_p\subset {\mathbb {R}}^3$$\end{document}$ denote the geometric support of the plate. Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\subset {\mathbb {R}}^3$$\end{document}$, *p* is said to *belong* to *X* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in X$$\end{document}$; *p* is said to *intersectX* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\cap X\ne \emptyset $$\end{document}$) if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_p\cap X\ne \emptyset $$\end{document}$; *p* is said to be *contained* in *X* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_p\subset X$$\end{document}$. In addition, given another plate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p'$$\end{document}$, *p* is said to *intersect*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p'$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\cap p'\ne \emptyset $$\end{document}$) if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_p\cap R_{p'}\ne \emptyset $$\end{document}$.

The grand canonical partition function of the model at *activity*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z>0$$\end{document}$ with open boundary conditions is defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Z_0(\varLambda )=1+\sum _{n\ge 1}\frac{z^n}{n!} \int _{\omega _\varLambda } \mathrm{d}p_1\cdots \int _{\omega _\varLambda } \mathrm{d}p_n\ \varphi (p_1,\ldots ,p_n) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{\omega _\varLambda } \mathrm{d}p$$\end{document}$ is a shorthand for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _\varLambda \mathrm{d}x\sum _{o\in {\mathcal {O}}}$$\end{document}$, and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varphi (p_1,\ldots p_n)=\prod _{i<j}\varphi (p_i,p_j),\qquad \varphi (p,p')=\left\{ \begin{array}{l}1\ \mathrm{if}\ p\cap p'= \emptyset ,\\ 0\ \mathrm{if}\ p\cap p'\ne \emptyset .\end{array}\right. \end{aligned}$$\end{document}$$As we shall see below, see the first remark after Theorem [1](#FPar2){ref-type="sec"}, fixing the activity is equivalent to fixing the densities, at least in the range of densities we are interested in.

In order to prove the main result, we will pick boundary conditions in such a way that one of the types of plates is favored over the others. We will then construct the various infinite volume states by varying the boundary condition. In order to define the boundary condition, we must introduce some additional notation.

We pave $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$ by cubes of side $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$, called "*blocks*", and by cubes of side $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$8\ell $$\end{document}$, called "*smoothing cubes*" (since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L+2{\ell }$$\end{document}$ is divisible by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$8\ell $$\end{document}$, the smoothing cubes actually exceed the boundary of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$ by 1 block). The lattice of the centers of the blocks is a lattice of mesh $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$, called $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda '$$\end{document}$ and the lattice of the centers of the smoothing cubes is a lattice of mesh $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$8\ell $$\end{document}$, called $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda ''$$\end{document}$. Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi \in \varLambda '$$\end{document}$, the block centered at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$, and given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \varLambda ''$$\end{document}$, the smoothing cube centered at *a* is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal S_a$$\end{document}$. Given a set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\subseteq \varLambda $$\end{document}$ that is a union of blocks, we denote the *coarse-grained* version of *X* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X=\bigcup _{\xi \in X'}\varDelta _\xi . \end{aligned}$$\end{document}$$We denote the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\infty $$\end{document}$ distance on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d_\infty ((x_1,x_2,x_3),(y_1,y_2,y_3)):=\max \{|x_i-y_i|,\ i\in \{1,2,3\}\} \end{aligned}$$\end{document}$$and the *rescaled*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\infty $$\end{document}$ distance on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda '$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d'_\infty (\xi ,\eta ):=\frac{d_\infty (\xi ,\eta )}{\ell }. \end{aligned}$$\end{document}$$We introduce a *coarse-grained spin model* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda '$$\end{document}$: let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta _{\varLambda '}$$\end{document}$ denote the set of spin configurations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \equiv \{\sigma _\xi \}_{\xi \in \varLambda '}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi \in \{0,1,2,3,4\}$$\end{document}$. Given a spin configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in \varTheta _{\varLambda '}$$\end{document}$ and a plate configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P\in \bigcup _{n\ge 0}\omega _\varLambda ^n=:\varOmega _\varLambda $$\end{document}$, *P* is said to be *compatible* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ if it is such that, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall \xi \in \varLambda '$$\end{document}$,if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi =0$$\end{document}$, then no plates belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$,if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi =i$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{1,2,3\}$$\end{document}$, then every plate that belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$ is of type *i* (this includes the case in which no plates belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$),if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi =4$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$ contains at least two plates of different type.The set of plate configurations that are compatible with a given spin configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _\varLambda (\sigma )$$\end{document}$. In addition, given a block $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$ and a plate configuration *P*, we denote the restriction of *P* to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _\xi $$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_\xi $$\end{document}$, and we define the set of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_\xi $$\end{document}$'s that are compatible with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi $$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\varDelta _\xi }^{\sigma _\xi }$$\end{document}$ (for example, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega ^{1}_{\varDelta _\xi }\subset \varOmega _{\varDelta _\xi }$$\end{document}$ is the set of plate configurations in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta _{\xi }$$\end{document}$ consisting either of plates of type 1 or of the empty configuration). The subset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\varDelta _\xi }^{\sigma _\xi }$$\end{document}$ consisting of configurations with *n* plates is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\varDelta _\xi }^{n,\sigma _\xi }$$\end{document}$.

We rewrite the grand canonical partition function ([2](#Equ2){ref-type=""}) in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$ with open boundary conditions in terms of spin configurations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Z_{0} (\varLambda )= \sum _{ \sigma \in \varTheta _{\varLambda '}} \int _{\varOmega _\varLambda (\sigma )} \mathrm{d}P\ \varphi (P)z^{|P|} \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\int _{\varOmega _\varLambda (\sigma )}\mathrm{d}P:=\prod _{\xi \in \varLambda '}\int _{\varOmega _{\varDelta _\xi }^{\sigma _\xi }}\mathrm{d}P_\xi ,\nonumber \\&\quad \mathrm{with}\quad \int _{\varOmega _{\varDelta _\xi }^{\sigma _\xi }}\mathrm{d}P_\xi ={\mathfrak {z}}_0(\sigma _\xi )+\mathbb {1}(\sigma _\xi \ne 0)\sum _{n_\xi \ge 1}\frac{1}{n_\xi !}\int _{\varOmega _{\varDelta _{\xi }}^{ n_\xi ,\sigma _\xi }}\mathrm{d}p_1\cdots d p_{n_\xi } \end{aligned}$$\end{document}$$in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {1}(\sigma _\xi \ne 0)\in \{0,1\}$$\end{document}$ is equal to 1 if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi \ne 0$$\end{document}$, and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathfrak {z}}_0(1)={\mathfrak {z}}_0(2)={\mathfrak {z}}_0(3)=1,\quad {\mathfrak {z}}_0(0)=-2,\quad {\mathfrak {z}}_0(4)=0. \end{aligned}$$\end{document}$$The value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {z}}_0$$\end{document}$ is the contribution of the empty configuration to the partition function, and the fact that it equals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-2$$\end{document}$ for spin-0 blocks compensates for the fact that the empty configuration is over-counted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi =1,2,3$$\end{document}$.

We now define the partition function with *q* boundary conditions, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q\in \{1,2,3\}$$\end{document}$, denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z(\varLambda |q)$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Z(\varLambda |q)= \sum _{\sigma \in \varTheta ^q_{\varLambda '}} \int _{\varOmega _\varLambda (\sigma )} \mathrm{d}P\ \varphi (P)z^{|P|} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta _{\varLambda '}^q\subset \varTheta _{\varLambda '}$$\end{document}$ is the set of spin configurations, that are such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi =q$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_\infty '(\xi ,({\mathbb {Z}}^3\setminus \varLambda )')\le 8$$\end{document}$. The number 8 appearing here is related to the choice of smoothing cubes of side $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$8\ell $$\end{document}$ and to the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L=8\ell m-2\ell $$\end{document}$, for some integer *m*. This specific choice is motivated by the definitions of good/bad regions and contours, introduced in Sect. [4](#Sec5){ref-type="sec"}. In fact, the requirement that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi =q$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_\infty '(\xi ,({\mathbb {Z}}^3\setminus \varLambda )')\le 8$$\end{document}$ is equivalent to the condition that the 'boundary smoothing cubes' (i.e., those intersecting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda ^c$$\end{document}$) are all good with magnetization *q*, that is, all the sampling cubes that they intersect are good and have magnetization *q*, in the sense of Definition [2](#FPar10){ref-type="sec"}.

Remark {#FPar1}
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Theorem 1 {#FPar2}
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This theorem states that, in the presence of *q* boundary conditions, most particles are of type *q* (existence of orientational order), and the truncated two-point correlation function decays exponentially (absence of positional order).

Remark {#FPar3}
------

The proof provides much more detailed information on the set of correlations than what is explicitly stated: in fact, our construction may be applied to the computation of the whole set of correlation functions in terms of a convergent cluster expansion, analogous to the one given in Theorem [2](#FPar21){ref-type="sec"}. In particular, the equation for the total density as a function of the activity, of the form $\documentclass[12pt]{minimal}
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Remark {#FPar4}
------

In order to compute the correlation functions, one can replace the activity *z* with a plate-dependent activity $\documentclass[12pt]{minimal}
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Strategy of the proof {#Sec3}
---------------------

The proof of our main theorem will be split in several steps, which are summarized here.We first reformulate the model in terms of contours, which interact via an exponentially decaying potential. The contours arise after coarse graining the hard plate system to the spin model introduced above: the contours can be thought of as the transition layers between different uniformly magnetized regions. The interaction between contours is computed using a cluster expansion.We then map the interacting contour model to a hard core polymer model. In order to compute the pressure of the effective interacting contour model, we perform a Mayer expansion of the multi-contour interaction, to quote D. Brydges \[[@CR5]\]: "If at first you do not succeed, then expand and expand again". After this second expansion, the polymer model has a purely hard core interaction.The hard core polymer model can be treated by standard cluster expansion methods, provided the activity of the contours is exponentially small in their size. This is to be expected, because the transition layers contain many *bad blocks*, i.e., cubes containing more than one plate orientations. The key technical lemma is a proof that the probability of a single bad block is small, under the assumptions of our main theorem (see Lemma [1](#FPar5){ref-type="sec"}). Building upon this, we obtain the desired estimate on the activity of the contours. A subtle point is that the contour activities are defined inductively, in the spirit of Pirogov-Sinai theory \[[@CR13], [@CR18]\] therefore, obtaining the bound on the contour activity from the single-block estimate requires an inductive proof, starting from the smaller contours, and then working our way up to larger ones, which may contain smaller contours in their interior(s).The proof closely follows that in \[[@CR6]\], in which a two-dimensional model of hard rods was considered. The important novelty of the present work is to show that the bad blocks mentioned above are, indeed, unlikely to exist (in \[[@CR6]\], the analogous statement was trivial). For this reason, we will first present, in Sect. [3](#Sec4){ref-type="sec"}, the proof that bad blocks are improbable, and then present the remaining arguments, omitting those parts that are mere repetitions of \[[@CR6]\]. More precisely, in Sect. [4](#Sec5){ref-type="sec"} we introduce the contour and hard core polymer representations for the partition function with constant activities, and in Sect. [5](#Sec9){ref-type="sec"} we prove their convergence. Finally, in Sect. [6](#Sec12){ref-type="sec"}, we discuss the minor differences arising in the presence of a plate-dependent activity, which, as remarked above, is required for the computation of correlation functions, and we explain how to prove the bounds ([14](#Equ14){ref-type=""})--([15](#Equ15){ref-type=""}).

Bad Blocks and Dipoles {#Sec4}
======================

In this section we prove two basic bounds on the probability of bad blocks (that is, blocks $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar5}
-------
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*Proof of Lemma *1 {#FPar6}
------------------

The main idea of the proof is the following. In the uniformly magnetized system, the block $\documentclass[12pt]{minimal}
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In order to estimate the partition functions appearing in this proof, a key tool will be the *Mayer expansion*. The following estimates will often be used. Let *S* be a subset of $\documentclass[12pt]{minimal}
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The Contour Theory {#Sec5}
==================

In this section, we construct first the interacting contour model and then the hard core polymer system that were mentioned above. The basic idea of the construction of the contours is that a spin configuration can be seen as a union of connected 'uniformly magnetized regions' (union of blocks that all have the same spin, equal to $\documentclass[12pt]{minimal}
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                \begin{document}$$q\in \{1,2,3\}$$\end{document}$), and boundary regions where either the spin changes, or there are 'defects' (blocks with spin equal to 0 or 4). Contours will be defined as structures that comprise information about the location and nature of these boundaries, as well as the value of the spin on either side of the boundary. To make this precise, we must first *locate* the boundary, which we do by defining the concepts of 'good' and 'bad' regions.

Goodness, badness and contours {#Sec6}
------------------------------

### Definition 1 {#FPar9}
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Fig. 3The sampling cube associated to the red (color online) block

### Definition 2 {#FPar10}

(Good and bad regions). Given a spin configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in \varTheta _{\varLambda '}$$\end{document}$, a sampling cube $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_\xi $$\end{document}$ is said to be**good** if the spins inside $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_\xi $$\end{document}$ are all equal, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi \in \{1,2,3\}$$\end{document}$. In this case, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _\xi $$\end{document}$ is called the *magnetization* of the sampling cube.**bad** otherwise, that is, every bad sampling cube either contains at least one spin equal to 0 or 4, or it contains at least one pair of neighboring blocks with different spins.Furthermore, we define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B(\sigma ):=\bigcup _{\xi \in \varLambda ':\ S_\xi \, \mathrm{is}\, \mathrm{bad} } S_\xi \end{aligned}$$\end{document}$$as the union of all bad sampling cubes, as well as the coarser set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B_{s}(\sigma ):=\bigcup _{a\in \varLambda '':\ \mathcal S_a\cap B(\sigma )\ne \emptyset } \mathcal S_a\;, \end{aligned}$$\end{document}$$(the lattice $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda ''$$\end{document}$ and the smoothing cubes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal S_a$$\end{document}$ were defined in Sect. [2](#Sec2){ref-type="sec"}). Finally, we define the "bad region" by adding a layer of blocks to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_s$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\bar{B}}(\sigma )=\bigcup _{\xi \in \varLambda ':\ d'_\infty (\xi ,B_s(\sigma ))\le 1}\varDelta _\xi \end{aligned}$$\end{document}$$(see Fig. [4](#Fig4){ref-type="fig"}).

Fig. 4Example of a bad region (or, rather, a section of a (3-dimensional) bad region): the green (color online) regions are the bad sampling cubes, the gray or green regions are the bad smoothing cubes, and the blue region consists of the extra cubes added in ([38](#Equ38){ref-type=""})
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### Definition 3 {#FPar12}
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### Remark {#FPar13}
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Interacting contour representation {#Sec7}
----------------------------------
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### Lemma 2 {#FPar14}
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### Remark {#FPar15}
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### Remark {#FPar16}

Note that the second condition in ([43](#Equ43){ref-type=""}) requires that $\documentclass[12pt]{minimal}
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### Remark {#FPar17}

As we will prove in the following, the *interaction*$\documentclass[12pt]{minimal}
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                \begin{document}$$e^{W^{(\varLambda )}(\partial )}$$\end{document}$ is a short-range interaction, that is, it decays exponentially with the distance between contours. This property is essential to the convergence of the cluster expansion of the contour model.

### Remark {#FPar18}

For future reference, we note that the constrained partition function in ([45](#Equ45){ref-type=""}) can be rewritten in a form that does not involve summation over spins:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Z^{(\gamma )}(A|m)=\int _{\varOmega ^m_{\partial A}} \mathrm{d}P\ \varphi (P\cup P_\gamma )z^{|P|}\int _{\varOmega _{A^{\circ }}} d{\tilde{P}}\ \varphi ({\tilde{P}}\cup P)z^{|{\tilde{P}}|}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial A=\cup _{\xi \in A': d_\infty '(\xi ,(\mathrm{Ext}A)')\le 8}\varDelta _\xi $$\end{document}$ is the layer of blocks that are uniformly magnetized by the boundary conditions, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^\circ =A\setminus \partial A$$\end{document}$. On the other hand, this expression is equivalent to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Z^{(\gamma )}(A|m)&=\int _{\varOmega ^m_{\partial A}\setminus V_m(P_\gamma )} \mathrm{d}P\ \varphi (P)z^{|P|}\int _{\varOmega _{A^{\circ }}} d{\tilde{P}}\ \varphi ({\tilde{P}}\cup P)z^{|{\tilde{P}}|}\nonumber \\&=:Z(A\setminus V_m(P_\gamma )\,|\,m), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V_m(P_\gamma )$$\end{document}$ is the excluded volume created by the plates in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_\gamma $$\end{document}$ on those in *P*. Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\setminus V_m(P_\gamma )$$\end{document}$ is an element of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {Int}'$$\end{document}$, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathfrak {Int}':=\Bigg \{A\setminus V:\ A\in \mathfrak {Int}\ \mathrm{and}\ V\subset {\mathbb {R}}^3\ \mathrm{such}\ \mathrm{that}\ V\subset \bigcup \limits _{\displaystyle \mathop {\scriptstyle xi\in A':}_{ d_\infty '(\xi ,(\mathrm{Ext}A)')\le 2}} \varDelta _\xi \Bigg \}. \end{aligned}$$\end{document}$$

The idea of the proof is to first map the plate model to one of *external* contours, which are contour configurations such that a contour may not lie inside another. We then rewrite the partition function as a sum over external contours of the activity of the contour times the partition function *inside* each contour. Now, the boundary of this partition function is dictated by the internal magnetizations of the contours. To remove this dependence, we replace the boundary condition with *q*, at the price of including an extra factor in the activity of the contour, which is the second ratio in ([44](#Equ44){ref-type=""}). The construction is then iterated, and yields a model of contours whose external magnetization is *alwaysq*. This eliminates the long-range interaction between contours. The short-range interaction, mediated by the plates between contours, which are, by construction, all of type *q*, is then computed using a Mayer expansion.

The proof of this lemma is entirely analogous to that of \[[@CR6], Lemma 1\], and is left to the reader.

Hard core polymer representation {#Sec8}
--------------------------------
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### Lemma 3 {#FPar19}

(Polymer expansion). We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{Z(\varLambda |q)}{Z^q(\varLambda )}=1+\sum _{n\ge 1}\frac{1}{n!}\sum _{X_1,\ldots ,X_n\in {\mathfrak {B}}^T(\varLambda )}\phi (X_1,\ldots ,X_n)\prod _{i=1}^nK_q^{(\varLambda )}(X_i) \end{aligned}$$\end{document}$$where:$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi (\{X_1,\cdots ,X_m\})\in \{0,1\}$$\end{document}$ is equal to 1 if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_j$$\end{document}$ are *D*-disconnected for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\ne j$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_q^{(\varLambda )}(X)$$\end{document}$ is the *activity* of *X*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_{q}^{(\varLambda )}(X):=K_{q,1}^{(\varLambda )}(X)+K_{q,\ge 2}^{(\varLambda )}(X) \end{aligned}$$\end{document}$$ with $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_{q,1}^{(\varLambda )}(X):= \sum _{\displaystyle \mathop {\scriptstyle \gamma \in \mathcal C_1(\varLambda ,q)}_{\varGamma _\gamma =X}}\zeta _{q}^{(\varLambda )}(\gamma ) \end{aligned}$$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K_{q,\ge 2}^{(\varLambda )}(X):=&\sum _{\displaystyle \mathop {\scriptstyle X_0,X_1\in {\mathfrak {B}}(X)}_{X_0\cup X_1=X}} \sum _{\displaystyle \mathop {\scriptstyle \partial \in \mathcal C_{\ge 2}(\varLambda ,q)}_{\varGamma _\partial =X_0}} \left( \prod _{\gamma \in \partial }\zeta _{q}^{(\varLambda )}(\gamma )\right) \nonumber \\&\cdot \sum _{p\ge 1}{\frac{1}{p!}}\sum _{\displaystyle \mathop {\scriptstyle Y_1,\cdots ,Y_p\subset {\mathfrak {B}}^T(X)}_{Y_1\cup \cdots \cup Y_p=X_1}}^* \left( \prod _{j=1}^p\left( e^{\mathcal F_\partial (Y_j)}-1\right) \right) \end{aligned}$$\end{document}$$ in which: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal C_1(\varLambda ,q)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal C_{\ge 2}(\varLambda ,q)$$\end{document}$ denote the sets of contour configurations with, respectively, a single contour, and at least two contours; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma _\partial \equiv \bigcup _{\gamma \in \partial }\varGamma _\gamma $$\end{document}$; the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$*$$\end{document}$ on the sum indicates that the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y_1,\cdots ,Y_p$$\end{document}$ are different from each other; $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal F_\partial (Y):=\sum _{n\ge 2}{\frac{(-1)^{n}}{n!}} \sum _{\gamma _1,\cdots ,\gamma _n\subset \partial }^* \int _{\varOmega ^q_\varLambda }\mathrm{d}P\ z^{|P|}\varphi ^T(P)F_{\gamma _1}(P)\cdots F_{\gamma _n}(P){\mathfrak {I}}_Y(P) \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {I}}_Y(P)\in \{0,1\}$$\end{document}$ is equal to 1 if and only if *Y* is the smallest *D*-connected union of blocks that is such that every plate is *contained* in *Y* (that is, the support of every plate is a subset of *Y*).

### Remark {#FPar20}
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The proof of this lemma is fairly straightforward, and virtually identical to \[[@CR6], Lemma 2\]. The key identity is$$\documentclass[12pt]{minimal}
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Convergent Cluster Expansion {#Sec9}
============================

In this section we prove the convergence of the contour expansions introduced above. The results of this section justify a posteriori the definitions given in the previous section, in particular the specific form of the contour representation and of the polymer expansion that we chose and introduced. The key problem is to estimate the contour and polymer activities, which is not trivial, since they involve ratios of partition functions in their interiors, see ([44](#Equ44){ref-type=""}), which must be estimated inductively. Once a smallness condition on the activities is known, the convergence of the expansion is 'trivial', in the sense that it follows from the classical theory of the cluster expansion. The main convergence result of this section is summarized in the following theorem.

Theorem 2 {#FPar21}
---------
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Here we will focus on ([57](#Equ57){ref-type=""}), since the rest of the theorem follows from the general theory of cluster expansions for polymer models, which is standard (see, for instance, \[[@CR3], [@CR5], [@CR7], [@CR14], [@CR21]\]). We will proceed in two steps.The first is to prove that, provided the activity $\documentclass[12pt]{minimal}
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Polymer activity {#Sec10}
----------------
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### Lemma 4 {#FPar22}
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### Proof of lemma 4 {#FPar23}
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The key ingredient in the rest of the proof is the Mayer expansion of the plate model. Once again, we will not discuss this expansion in detail, as it follows from the general theory of cluster expansions \[[@CR3], [@CR5], [@CR7], [@CR14], [@CR21]\]. Recalling the definitions of $\documentclass[12pt]{minimal}
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The activity of contours {#Sec11}
------------------------

We will now prove that ([62](#Equ62){ref-type=""}) holds, which proves the convergence of the cluster expansion, and concludes the proof of ([57](#Equ57){ref-type=""}).

### Lemma 5 {#FPar24}
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Recall (see ([42](#Equ42){ref-type=""})) that$$\documentclass[12pt]{minimal}
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### Lemma 7 {#FPar26}
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### Lemma 8 {#FPar27}
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### Remark {#FPar28}

The constrained partition function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z^{(\gamma )}(\mathrm {Int}_j\varGamma _\gamma |m_{\mathrm {int},\gamma }^j)$$\end{document}$ appearing in the right side of ([74](#Equ74){ref-type=""}) is smaller than the unconstrained partition function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z(\mathrm {Int}_j\varGamma _\gamma |m_{\mathrm {int},\gamma }^j)$$\end{document}$. Therefore, Lemma [8](#FPar27){ref-type="sec"} is enough for bounding the ratio $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\prod _{j=1}^{h_{\varGamma _\gamma }}\frac{Z^{(\gamma )}(\mathrm {Int}_j\varGamma _\gamma |m_{\mathrm {int},\gamma }^j)}{Z(\mathrm {Int}_j\varGamma _\gamma |q)}$$\end{document}$ in ([74](#Equ74){ref-type=""}). Combining this remark with Lemmas [6](#FPar25){ref-type="sec"}, [7](#FPar26){ref-type="sec"} and [8](#FPar27){ref-type="sec"}, we obtain Lemma [5](#FPar24){ref-type="sec"}.

### Proof of Lemma 6 {#FPar29}

The main idea of the proof is to use the Mayer expansion of the plate model to extract a dominating term, which is negative, and bound the remainder.
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### Proof of Lemma 7 {#FPar30}
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### Sketch of the proof of Lemma 8 {#FPar31}

The main idea of the proof is the following. If *A* did not contain any contours, it would only contain a single type of plates, and we would be able to express its partition function using a convergent Mayer expansion, and find that the ratio of partition functions only involves clusters that straddle the boundary of *A*. This gives us the appropriate bound, since clusters with at least two plates contribute a weight $\documentclass[12pt]{minimal}
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The details of the proof are in direct analogy with the proof of \[[@CR6], Lemma 5\], and are left to the reader. $\documentclass[12pt]{minimal}
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Nematic Order {#Sec12}
=============

In this section, we give the proof of Theorem [1](#FPar2){ref-type="sec"}, which follows from a simple modification of the cluster expansion in Theorem [2](#FPar21){ref-type="sec"}. We recall that in order to compute density correlations, we need to promote the activity to be plate-dependent, that is, it is a function $\documentclass[12pt]{minimal}
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We first prove the estimate on the 1-point function, ([14](#Equ14){ref-type=""}). Let $\documentclass[12pt]{minimal}
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Proof {#FPar33}
-----
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If the derivative hits the second parenthesis, then it produces an extra factor$$\documentclass[12pt]{minimal}
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If the derivative hits the third parenthesis, we get extra factors of the form$$\documentclass[12pt]{minimal}
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The computation of the 2-point correlation function is quite similar: let $\documentclass[12pt]{minimal}
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